Abstract-In this paper, a solution for the attitude/altitude tracking control problem is proposed for a quadrotor Unmanned Aerial Vehicle (UAV). The solution relies on the use of a reference model, where the resulting nonlinear error model is brought to a quasi-Linear Parameter Varying (LPV) form using the embedding in the parameters approach. The quasi-LPV model is suitable for designing a controller using Linear Matrix Inequalities (LMI)-based techniques, such that the resulting closed-loop error system is stable with poles placed in some desired region of the complex plane. Simulation results are used to show the effectiveness of the proposed approach. In particular, the quadrotor can reach asymptotically the reference trajectory for all the considered simulation runs.
I. INTRODUCTION
In the last years, Unmanned Aerial Vehicles (UAVs) [1], [2] have become an important topic of research because of their characteristics that make them ideal vehicles for several applications, such as security, traffic surveillance, management of natural risks, environment exploration, agriculture and military [3] . Considerable efforts have been made to control these vehicles, applying techniques ranging from PID control [4] to nonlinear control techniques such as dynamic feedback control [5] , backstepping [6] , [7] , nested saturations [8] and predictive/nonlinear H ∞ control [9] .
More recently, [10] have developed an adaptive compensation scheme via disturbance observer and quantum information technology, which can handle the attitude control problem in presence of unknown actuator failures and external disturbances. The application of direct and indirect model reference adaptive control to a lightweight low-cost quadrotor UAV platform is described in [11] . A quaternionbased feedback for event-triggered attitude stabilization of a quadrotor mini-helicopter has been developed in [12] . A robust tracking control method for automatic take-off, trajectory tracking, and landing of a quadrotor helicopter has been presented in [13] . The overall loop includes a position controller, designed by the static feedback control method to track the desired trajectory of the altitude and produce the desired pitch and roll angles, and an attitude controller, designed by combining the Proportional-Derivative (PD) control method and the robust compensating technique, that tracks the desired pitch and roll angles and stabilizes the yaw angle. An approach to control the attitude of quadrotor UAVs in terms of the exponential coordinates has been developed by [14] . Recently, some works related to Fault Detection and Diagnosis (FDD) and Fault-Tolerant Control (FTC) for quadrotor UAVs have been considered, see [15] and the references therein.
In the last decades, the Linear Parameter Varying (LPV) paradigm has become a standard formalism in systems and control, for analysis, controller synthesis and system identification [16] . This class of systems is important because, by embedding the system nonlinearities in the varying parameters, gain-scheduling control of nonlinear systems can be performed using an extension of linear techniques (in this case, the system is referred to as quasi-LPV since the varying parameters depend on endogenous signals). Some applications of the LPV control theory to quadrotor UAVs can be found in the recent literature [17] - [20] .
In this paper, a solution for the attitude/altitude tracking control problem is proposed for a quadrotor UAV. This solution relies on the use of a reference model that describes the desired trajectory. The idea of using a model referencebased control is well-established in the LTI framework [21] and has been recently extended to cope with the control of LPV systems [22] , [23] . The resulting nonlinear error model is brought to a quasi-LPV form suitable for designing a controller using a Linear Matrix Inequalities (LMI)-based approach.
The paper is structured as follows: Section II introduces the dynamic model of the quadrotor, and the corresponding reference model. The resulting nonlinear error model is reshaped into a quasi-LPV form. Section III presents the error feedback controller design using LMI-based LPV techniques. In Section IV, the reference inputs calculation for a sinusoidal trajectory tracking is discussed. Simulation results are shown in Section V. Finally, the main conclusions and possibilities for future work are summarized in Section VI.
II. QUASI-LPV MODELING OF THE QUADROTOR
The quadrotor is a vehicle that has four propellers in cross configuration. Two propellers can rotate in a clockwise direction, while the remaining two can rotate anticlockwisely. The quadrotor is moved by changing the rotor speeds. For example, increasing or decreasing together the four propeller speeds, vertical motion is achieved. Changing only the speeds of the propellers situated oppositely produces either roll or pitch rotation, coupled with the corresponding lateral motion. Finally, yaw rotation results from the difference in the counter-torque between each pair of propellers. Let us consider an earth fixed frame {XY Z} and a body fixed frame {x b y b z b } with origin in the quadrotor center of mass. Under the assumptions that the body is rigid and symmetrical, and the propellers are rigid, i.e. no blade flapping occurs, the quadrotor dynamic model is described by the following equations [24] :
where φ is the roll angle, θ is the pitch angle, ψ is the yaw angle and the inputs U 1 , U 2 , U 3 , U 4 , Ω are defined as follows:
(10)
where Ω i denotes the i-th rotor speed. For a description of the system parameters, as well as the values used in the simulations taken from [25] , see Table I .
In this paper, only the problem of attitude/altitude tracking control will be addressed. Hence, the dynamics of the system along the x b and y b axes, i.e. eq. (1) and (2), will be neglected.
Let us define the following reference model:
where φ r is the reference roll angle, θ r is the reference pitch angle, ψ r is the reference yaw angle, z r is the reference height, v r φ , v r θ , v r ψ , v r z are the corresponding derivatives and the reference inputs U r 1 , U r 2 , U r 3 , U r 4 , Ω r are defined as follows: (24) where Ω ir denotes the i-th reference rotor speed. Hence, by defining the tracking errors e 1 φ r − φ, e 2 v r φ −φ, e 3 θ r − θ, e 4 v r θ −θ, e 5 ψ r − ψ, e 6 v r ψ −ψ, e 7 z r − z, e 8 v r z −ż, and the new inputs ∆Ω i Ω ir − Ω i , i = 1, 2, 3, 4, the error model for the quadrotor can be brought to a quasi-LPV representation following the nonlinear embedding in the parameters approach proposed in [26] , as follows:
where the vector of varying parameters is: 26) and the matrices A (ϑ(t)) and B (ϑ(t)) are defined as follows: 
III. ERROR FEEDBACK CONTROLLER DESIGN USING LPV TECHNIQUES
Consider the following (quasi-)LPV error system:
where e ∈ R n e is the error vector, ∆Ω ∈ R n Ω is the input vector, A (ϑ(t)) is a varying matrix, B is a constant matrix and ϑ ∈ З ⊂ R n ϑ is the vector of varying parameters. In some cases, as the one considered in this work, the input matrix B is parameter-varying. In these cases, a prefiltering of the input Ω could lead to defining a new system with a constant input matrixB, as proposed in [27] . More specifically, defining a new inputΩ(t) such that:
where A Ω is stable, the resulting system is:
such that the new input matrix is parameter-independent.
The system (27) is controlled through an error-feedback control law:
and it is wished to solve the design problem of finding a gain matrix K (ϑ(t)) such that the resulting closed-loop error system is stable with poles 1 placed in some desired region of the complex plane. In this paper, both stability and pole clustering are analyzed within the quadratic Lyapunov framework, where the 1 According to [28] , and with a little abuse of language, the poles of an LPV system are defined as the set of all the poles of the LTI systems obtained by freezing ϑ(t) to all its possible values ϑ * ∈ З.
specifications are assured by the use of a single quadratic Lyapunov function. Despite the introduction of conservativeness with respect to other existing approaches, where the Lyapunov function is allowed to be parameter-varying, the quadratic approach has undeniable advantages in terms of computational complexity.
In particular, the (quasi-)LPV error system (27) with the error-feedback control law (31) is quadratically stable if and only if there exist X s = X T s > 0 and K (ϑ(t)) such that [29] :
∀ϑ ∈ З. On the other hand, pole clustering is based on the results obtained by [30] , where subsets D of the complex plane, referred to as LMI regions, are defined as:
where f D is the characteristic function, defined as:
where α = α T ∈ R m×m and β ∈ R m×m . Hence, the (quasi-) LPV error system (27) with error-feedback control law (31) has its poles in D if there exist X D = X T D > 0 and K (ϑ(t)) such that:
∀ϑ ∈ З. The main difficulty with using (32) and (35) is that they impose an infinite number of constraints. In order to reduce this number to finite, a polytopic approximation of (27) and (31) is considered, as follows:
. . , N is called a vertex system and is controlled through the vertex controller K i . Then, quadratic stability and pole placement performance can be assessed through the following conditions, obtained from (32) and (35) using a common Lyapunov matrix X = X s = X D > 0:
with i = 1, . . . , N. Conditions (37) and (38) are Bilinear Matrix Inequalities (BMIs) that can be brought to Linear Matrix Inequalities (LMIs) form through the change of variable Γ i K i X:
and can be solved using available software, e.g. the YALMIP toolbox [31] with SeDuMi solver [32] . Remark 3.1: In the case of quasi-LPV systems obtained from a nonlinear system, the closed loop system could be unstable for some operating conditions despite the feasibility of the design conditions. A rigorous analysis of the stability should also take into account the region of attraction estimates as in [33] .
IV. REFERENCE INPUTS CALCULATION FOR A SINUSOIDAL TRAJECTORY TRACKING
To make the quadrotor track a desired trajectory, proper values of Ω 1r , Ω 2r , Ω 3r , Ω 4r should be fed to the reference model, such that its state equals the one corresponding to the desired trajectory.
In this paper, sinusoidal trajectories are chosen, as follows:
where Φ, Θ, Ψ, Z are the amplitudes, and N φ , N θ , N ψ , N z are the periods. Taking the derivative of (41)- (44) and considering (12), (14), (16) and (18), respectively, the following is obtained:φ
Then, another differentiation of (45)-(48) leads to:
and, by properly replacing (45)- (52) into (13), (15), (17) and (19), we obtain:
Givenφ,θ,ψ (measured), and ∆Ω 1 , ∆Ω 2 , ∆Ω 3 , ∆Ω 4 (obtained using (31)), then (53)- (56) is a system of nonlinear equations of variables Ω 1r , Ω 2r , Ω 3r , Ω 4r that can be solved using some appropriate solver, e.g. fsolve in the Matlab Optimization Toolbox [34] .
V. SIMULATION RESULTS
The LPV design techniques described in Section III have been applied to the quasi-LPV error model of the quadrotor presented in Section II. However, as already indicated in Section III, since the input matrix is not constant, a prefiltering of the inputs is needed so as to obtain a constant input matrix B. The states x Ω 1 , x Ω 2 , x Ω 3 and x Ω 4 have been added to the error vector such that ∆Ω i (t) = x Ω i (t), that corresponds to the case C Ω = I in (29) , with the state equation (28) given by:ẋ
where ∆Ω i (t), i = 1, . . . , 4 are the new inputs, and ω i has been chosen as ω i = 100, i = 1, . . . , 4. The polytopic approximation (36) of the quadrotor quasi-LPV error model has been obtained by considering: The controller has been designed using (39) and (40), to assure stability and pole clustering in the following region:
2 < 10000 (58) with λ > 0. The feasibility of the design LMIs using the proposed LPV error feedback controller design has been compared with the feasibility using a robust non-scheduled error feedback controller (a fixed gain K). As expected, while with the robust controller the feasibility is obtained for 0 ≤ λ ≤ 1.7, the LMIs for designing the LPV controller are feasible for 0 ≤ λ ≤ 2, i.e. the LPV controller allows to achieve faster dynamics than the robust one.
The results shown in this paper refer to three simulations which last 10 s, where the quadrotor is driven from the following three initial states:
• Simulation Run 1:
to the desired trajectory, defined as in (41)- (44) with
, using the LPV error feedback controller designed with the LMI region (58) and λ = 1. The desired trajectory has been generated by the reference model (12)- (19) starting from the initial reference state:
Figs. 1-4 show the tracking of the desired sinusoidal trajectories for the roll angle φ(t), the pitch angle θ(t), the yaw angle ψ(t) and the height z(t), respectively. It can be seen that the quadrotor reaches asymptotically the reference trajectory (black line) for all the considered simulation runs (red, green and blue line for simulation run 1, 2 and 3, respectively). Finally, the control inputs are shown in Fig.  5 .
VI. CONCLUSIONS AND FUTURE WORK
In this paper, the problem of controlling the attitude and altitude of a quadrotor such that it tracks a desired trajectory has been solved. The proposed solution relies on the use of a reference model that describes the desired trajectory. The resulting nonlinear error model is brought to a quasi-LPV form that is used for designing an LPV controller using LMI-based techniques. The results obtained in simulation environment have demonstrated the effectiveness of the proposed technique.
As future work, a comparison with other techniques, e.g. linear fractional transformation (LFT) gain-scheduling with dynamic multipliers, will be performed. Also, robustness, computational demand and convergence with initial conditions far from the reference will be studied, in order to better evaluate the performances and characteristics of the proposed approach. Finally, the proposed approach will be implemented and evaluated using a real quadrotor. 
